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Bayesian Paradigm 
Avoid Obstacle

Connaissances
Préalables

 R ( S , M)
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SDonnées 
Expérimentales
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X +Y =Y + X

P(X)P(Y | X) = P(Y )P(X |Y )

= P(XY )

= Addition(Y,X)
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X = he/she lives in Grenoble  
Y = he/she knows who is Bayard 

P(X = f Y = f ) = 0.92

P(X = f Y = v) = 0.01

P(X = v Y = f ) = 0.04

P(X = v Y = v) = 0.03
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Possibles questions 
Two variables X and Y 

P(XY )

P(X)

P(Y )

P(X |Y )

P(Y | X)
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P(X |Y ) =
P(X)P(Y | X)

P(Y )

=
P(XY )

P(XY )
X

∑
P(X |Y ) =

P(XY )

P(Y )

P(X)P(Y | X) = P(Y )P(X |Y )
= P(XY )

=
P(X)P(Y | X)

P(X)P(Y | X)
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Bayesian Programming Hierarchy 
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Bayesian program = Description + Question 
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What is ProBT®?  

ProBT is a C++ library for developing efficient Bayesian software. It is 
available for Linux, Unix, PC Windows (Visual C++), and MacOSX

ProBT

A friendly Application Program Interface (API) for building 
Bayesian models  

A high-performance Bayesian Inference Engine (BIE) 
allowing to execute all the probability calculus in exact or 
approximate way.

Dr. Juan Manuel Ahuactzin Larios 
 



Dr. Juan Manuel Ahuactzin Larios 
 



ProBT© code 
    22 /********************************************************************** 
    23    VARIABLES SPECIFICATION 
    24  **********************************************************************/ 
    25   plIntegerType Die_type(0,1);            // Two dice 0 and 1 
    26   plIntegerType Points_type(1,6);         // Type for Points [1,2,...,6] 
    27   plSymbol Die("Die",Die_type); 
    28   plSymbol Points("Points",Points_type);   
    29    
    30 /********************************************************************** 
    31    PARAMETRIC FORM SPECIFICATION 
    32  **********************************************************************/ 
    33   // P(Die) 
    34   plProbValue Die_table[] = {0.36, 0.64}; 
    35   plProbTable P_Die(Die, Die_table); 
    36 
    37   // Distributions of dice 1 
    38   plProbValue distDie0[] = {0.3, 0.2, 0.1, 0.1, 0.2, 0.1}; 
    39 
    40   // The conditional distribution P(Points | Die) 
    41   pldistributionTable P_PointsKDie(Points,Die); 
    42    
    43   P_PointsKDie.push(0,plProbTable(Points,distDie0)); 
    44   P_PointsKDie.push(1,plUniform(Points));  // Die 1 is a symmetric die 
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ProBT® code (continues) 

    46 /********************************************************************** 
    47    DECOMPOSITION 
    48  **********************************************************************/ 
    49   // P(Die Points) = P(Die) P(Point | Die) 
    50   plJointDistribution jd(Die^Points, P_Die*P_PointsKDie); 
    51 
    52 /********************************************************************** 
    53    PROGRAM QUESTION 
    54  **********************************************************************/ 
    55   plCnddistribution question, compiled_question; 
    56 
    57   jd.ask(question, Die, Points);                // Compute P(Die | Points) 
    58   question.compile(compiled_question); 
    59   cout<<"Result\n"; 
    60   cout<<compiled_question<<endl; 
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ProBT Architecture 
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Example 4: Distributions  

M O D E L I N G  A D I E  
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Statement of the problem 

Points∈ [1,2,...,6]

Points =1[ ]
Points = 3[ ]
Points = 4[ ]

P(Points) =Uniform
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What can we do with a distribution 

P Points = 5[ ]( ) = 1
6• Compute 

• Best 
• Draw 

P(Points) =Uniform
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Best P Points( )( ) = 4
Draw P Points( )( ) = 5
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ProBT© code     10 
    11  #include <pl.h> 
    12 
    13  main() 
    14  { 
    15    /********************************************************************** 
    16      Defining the variable type, a symbol and values. 
    17    **********************************************************************/ 
    18     
    19    plIntegerType Points_type(1,6);              // Type for Points [1,2,...,6] 
    20    plSymbol Points("Points",Points_type);  // Variable set for Points 
    21    plValues values(Points);                          // Values for Points 
    22 
    23    /********************************************************************** 
    24      Defining P(Points) = uniform 
    25    **********************************************************************/ 
    26 
    27    plUniform P_Points(Points);      // Distribution of the variable space 
    28 
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ProBT® code (continues) 

    29    /********************************************************************** 
    30      Displaying the defined data 
    31    **********************************************************************/ 
    32     
    33    cerr<<"Points_type = "<<Points_type<<"\n"; // Print the type 
    34    cerr<<"Points = "<<Points<<"\n";           // Print the symbol 
    35    cerr<<"values = "<<values<<"\n";           // Print the variable values 
    36    cerr<<"P_Points : "<<P_Points<<"\n\n";     // Print the distribution 
    37 
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ProBT® code (continues) 

    38    /********************************************************************** 
    39     Throwing the die 
    40    **********************************************************************/ 
    41     
    42    int i,n_times; 
    43    cout<<"How many times shall I throw the die? : "; 
    44    cin>>n_times;             // Read the number of times to throw the die 
    45    cout<<"\n"; 
    46     
    47    for (i=0;i<n_times;i++) { // Throw the die 
    48      cout<<i+1<<"th throw ";             
    49      P_Points.draw(values);     
    50      cout<<values<<endl;        
    51    } 
    52  } 
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Result 
Points_type = [1,2,...,6]
Points = {Points}
values = { Points=1 } 
P_Points : P(Points) =  1/6

How many times shall I throw the die? : 6

1th throw { Points=1 } 
2th throw { Points=5 } 
3th throw { Points=1 } 
4th throw { Points=2 } 
5th throw { Points=3 } 
6th throw { Points=1 } 
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Getting a different output 

 struct timeval t; 
 gettimeofday(&t, NULL); 
 plSRandom(t.tv_usec); 
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Example 5: 
Conditional distributions. 

A COLLECTION OF 
BIASED DICE 
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Conditional distributions 

14 main()
15 {
16 /***************************************************
17 Defining the variable type, symbols and values.
18 ***************************************************/
19
20 plIntegerType Points_type(1,6); // Type for Points [1,2,...,6]
21 plIntegerType Die_type(1,4); // Type for the Die
22 plSymbol Points("Points",Points_type);// Variable set for Points
23 plSymbol Die("Die",Die_type); // Variable set for the Die
24 plValues values(Points^Die); // Values for Points and Die
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26 /************************************************
27 Definig P(Points | Die)
28 ************************************************/
29
30 // Distributions of dice 1,3 and 4
31 plProbValue distDie1[6] = {0.3, 0.2, 0.1, 0.1, 0.2, 0.1};
32 plProbValue distDie3[6] = {0.4, 0.15, 0.1, 0.15, 0.1, 0.1};
33 plProbValue distDie4[6] = {0.2, 0.2, 0.1, 0.1, 0.35, 0.05};
34
35 // The conditional distribution P(Points | Die)
36 pldistributionTable P_PointsKDie(Points,Die);
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35 // The conditional distribution P(Points | Die)
36 pldistributionTable P_PointsKDie(Points,Die);
37
38 P_PointsKDie.push(1,plProbTable(Points,distDie1));
39 P_PointsKDie.push(2,plUniform(Points)); 
40 P_PointsKDie.push(3,plProbTable(Points,distDie3));
41 P_PointsKDie.push(4,plProbTable(Points,distDie4));
42
43 // Printing the created objects
44 cerr<<"Points_type = "<<Points_type<<"\n";
45 cerr<<"Die_type = "<<Die_type<<"\n";
46 cerr<<"points = "<<Points<<"\n";
47 cerr<<"die = "<<Die<<"\n";
48 cerr<<"values = "<<values<<"\n";
49 cerr<<"P_PointsKDie : "<<P_PointsKDie<<"\n\n";
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55 int i,n_times;
56
57 cout<<"Select a die (1,2,3 or 4): "; // Select the die to trow
58 cin>>values[Die];
59
60 pldistribution P_Points;
61 P_PointsKDie.instantiate(P_Points,values);
62 cout<<"Selected die distribution : "<<P_Points<<"\n\n";
63
64 cout<<"How many times shall I throw the die? : ";
65 cin>>n_times; // Read the number of times to throw the die
66 cout<<"\n";
67
68 for (i=0;i<n_times;i++) { // Throw the die
69 cout<<i+1<<"th throw ";
70 P_Points.draw(values);
71 cout<<values[Points]<<endl;

Dr. Juan Manuel Ahuactzin Larios 
 



Bayesian Networks 
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Example 6: distribution tables  

plProbValue distDie1[6] = {0.3, 0.2, 0.1, 0.1, 0.2, 0.1}; 
plProbTable(points, distDie1); 

P(Points) =
0

0,05

0,1

0,15

0,2

0,25

0,3

1 2 3 4 5 6

Given a non-biased die (A) and a biased one (B), 
how to represent the distribution of Points  for a single die shoot?  

P(Points) =
if die A

if die B
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The Bayesian program specification 
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Two dice 
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ProBT© code 
    22 /********************************************************************** 
    23    VARIABLES SPECIFICATION 
    24  **********************************************************************/ 
    25   plIntegerType Die_type(0,1);            // Two dice 0 and 1 
    26   plIntegerType Points_type(1,6);         // Type for Points [1,2,...,6] 
    27   plSymbol Die("Die",Die_type); 
    28   plSymbol Points("Points",Points_type);   
    29    
    30 /********************************************************************** 
    31    PARAMETRIC FORM SPECIFICATION 
    32  **********************************************************************/ 
    33   // P(Die) 
    34   plProbValue Die_table[] = {0.36, 0.64}; 
    35   plProbTable P_Die(Die, Die_table); 
    36 
    37   // Distributions of dice 1 
    38   plProbValue distDie0[] = {0.3, 0.2, 0.1, 0.1, 0.2, 0.1}; 
    39 
    40   // The conditional distribution P(Points | Die) 
    41   pldistributionTable P_PointsKDie(Points,Die); 
    42    
    43   P_PointsKDie.push(0,plProbTable(Points,distDie0)); 
    44   P_PointsKDie.push(1,plUniform(Points));  // Die 1 is a symmetric die 
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ProBT® code (continues) 

    46 /********************************************************************** 
    47    DECOMPOSITION 
    48  **********************************************************************/ 
    49   // P(Die Points) = P(Die) P(Point | Die) 
    50   plJointDistribution jd(Die^Points, P_Die*P_PointsKDie); 
    51 
    52 /********************************************************************** 
    53    PROGRAM QUESTION 
    54  **********************************************************************/ 
    55   plCnddistribution question, compiled_question; 
    56 
    57   jd.ask(question, Die, Points);                // Compute P(Die | Points) 
    58   question.compile(compiled_question); 
    59   cout<<"Result\n"; 
    60   cout<<compiled_question<<endl; 
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Exercise 2: question 1 

1.- Compute P(Die = die | Points = points) for all values of die and points. 
Use the method  compute and the class plValues to iterate die and points. 

   63    //Question 1 
    64    plValues pvalues(Points^Die); 
    65    pvalues.reset(); 
    66    do{ 
    67      cout<<"P(Die="<<pvalues[Die]<<" | Points="<<pvalues[Points]<<")= "
    68      cout<<question.compute(pvalues)<<endl; 
    69    }while(pvalues.next()); 
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Exercise 2: question 1 output 

P(Die=0 | Points=1)= 0.503106
P(Die=1 | Points=1)= 0.496894
P(Die=0 | Points=2)= 0.402985
P(Die=1 | Points=2)= 0.597015
P(Die=0 | Points=3)= 0.252336
P(Die=1 | Points=3)= 0.747664
P(Die=0 | Points=4)= 0.252336
P(Die=1 | Points=4)= 0.747664
P(Die=0 | Points=5)= 0.402985
P(Die=1 | Points=5)= 0.597015
P(Die=0 | Points=6)= 0.252336
P(Die=1 | Points=6)= 0.747664 
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Exercise 3 

    74    //Excercise 2 
    75    pldistribution instantiated_question; 
    76    PntsDieValues.reset(); 
    77    do { 
    78      question.instantiate(instantiated_question, PntsDieValues); 
    79      PntsDieValues.reset(Die); 
    80      do{ 
    81       cout<<"P(Die="<<PntsDieValues[Die]; 
    82       cout<<" | Points="<<PntsDieValues[Points]<<")= "; 
    83       cout<<instantiated_question.compute(PntsDieValues)<<endl; 
    84      }while(PntsDieValues.next(Die)); 
    85    }while(PntsDieValues.next(Points)); 

Analyze the following code and explain the output. 
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Exercise 3: question 1 analysis 
P(Die = die |  Points = points) =

P(Die = die) P(Points = points |Die = die)
P(Points = points)

P(Die = die |  Points = points) =
1

Z
λ(die)P(die)

Likelihood 

Normalization constant λ(die) = P(Points = poins |Die = die)

Z = P(Points = points)

P(Die = 0 |  Points = 2) = λ(0)P(0)

=
1

Z
0.2*0.36

=
1

Z
0.072
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Exercise 3: question 2 

2.- Compute P(Points = points)

 //Exercise 2.2 
  pldistribution question2; 
  jd.ask(question2, Points); 
  cout<<question2<<endl; 
  pvalues.reset(); 
  do{ 
    cout<<"P("<<pvalues[Points]<<")= "<<question2.compute(pvalues)<<en
  }while(pvalues.next(Points)); 

for all values of Points 

use the class plValues to iterate points. 
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Exercise 2: question 2 output 

P(1)= 0.214667 
P(2)= 0.178667 
P(3)= 0.142667 

P(4)= 0.142667 
P(5)= 0.178667 
P(6)= 0.142667 
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Exercise 2: question 2 analysis 

P(Points = points) =
P(Die = die) P(Points = points |Die = die)

die∈Die
∑

P(Die |Points = points)

= P(Die = die) P(Points = points |Die = die)
die∈Die

∑

P(Points =1) = (0.36*0.3) + (0.64 *0.16)

= 0.2104

P(1)= 0.214667 
P(2)= 0.178667 
P(3)= 0.142667 

P(4)= 0.142667 
P(5)= 0.178667 
P(6)= 0.142667 
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Excercise 4 

Compute P(Points = points) for all values of Points use the 
Class plValues to iterate points. 
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Example 7: A Bayesian network 
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Exercise 5: The water-sprinkler model 

Gray clouds

Sprinkler Rain

Wet Grass

GC P(S=f | GC) P(S=t | GC)

f 0.5 0.5

t 0.9 0.1

P(GC=f) P(GC=t)

0.5 0.5

GC P(R=f | GC) P(R=t | GC)

f 0.8 0.2

t 0.35 0.65

S R P(WG=f | S R) P(WG=t | S R)

f f 1.0 0.0

f t 0.1 0.9

t f 0.1 0.9

t t 0.01 0.99

Write a Bayesian Program for the water-sprinkler model 
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Exercise 6 

A C O M P L I C AT E D  S I T U AT I O N  F O R  P E T E R  
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Presence 

Acceptation 

Ales 

Identify the variables 
1.  RI   Rain on invitation's day 
2.  RP   Rain on Party's day  
3.  We   Invitation for aWeekend   
4.  LI   Late invitation 
5.  E   Emergency  
6.  JA   John accepted  
7.  MA  Mary accepted 
8.  AA   Alice accepted 
9.  BA   Bill accepted 
10.  JP   John is present 
11.  MP   Mary is present 
12.  AP   Alice is present 
13.  VP   Victor is present 
14.  BP   Bill is present 
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Write the decomposition 
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Draw the Bayesian network 
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The Bayesian program specification 
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The Bayesian network 
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Write the parametric forms specification 
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Write the expression for the following 
questions 

4.- Alice answer the phone at Peter's house, Hi John . What is the probability 
that Mary and Victor attended the party? 

3.- What is the probability that Alice, Victor and Bill attend the party?  
 

2.- What is the probability that all Peter s friends attend the party 
knowing that it will take place on a sunny Saturday, knowing that Bill 
received the invitation in time and no emergency was present at the 
hospital? 

1.- What is the probability that it was raining when John received the invitation 
knowing that Mary didn t attend the party and that the party is on Monday? 
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Example 5: Filters 
The Color blindness  model 

Color 
blindness 

Color 
blindness

  Test

P(CB=f) P(CB=t)

0.92 0.08

CB P(T=f | CB) P(T=t | CB)

f 0.8 0.2

t 0.1 0.9

False Positive

False Negative
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A Color blindness -test filter 

Color 
blindness 

Color 
blindness  

Test

P(CB |Test1 = test1) P(CB |Test2 = test2)

Color 
blindness 

Color 
blindness  

Test

Color 
blindness 

Color 
blindness  

Test

P(CB |Test3 = test3)

Color 
blindness 

Color 
blindness  

Test

P(CB |Test1 = test1)

P(CB |  Test1 =  test1 Test2 = test2  ... Testn = testn )

Time 
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Replace  

Inferred_Distribution.replace(<plVariablesConjunction>,<plComputableOb

P(CB |  Test1 =  test1 Test2 = test2  ... Testn = testn )
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The dice and points example 

N

Points
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P(N |  Points1 =  10, Points2 =  14, Points3 =  12, Points4 =  19, Points5 =  11)
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Example 9 
Consider that your fellow has a box with m dice; secretly she takes n<=m 
dice and throw them on the table. She lets you know that the sum of all 
points is s. What is the most probable number n of dice. 

It is well know that when n is particularly large, we have that the 
distribution of n is Gaussian with 
 

μ =
7n

2
and 

σ =
35n

12
2
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Expected Value 

The expected value of an integer variable is computed as follows: 

E(I) = i*P(i)
i∈I

∑
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#include <plLearn1dNormal.h>

 // Create the learning object. Switch between plLearnHistogram 
  // plLearn1dNormal to see the difference on learning
  
  //plLearnHistogram distribution(vars);
    plLearn1dNormal distribution(vars);

  // Read data from file
  plValues values(vars);  
  fin>>values[0];
  while (! fin.eof()) {
    // Add the read data into the learning distribution
    distribution.add_point(values);
    fin>>values[0]; 
  } 
plDistribution probas = distribution.get_distribution();
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Exercise 7 

Compute the expected value for the number 
of persons attending the party. 
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Example 6: HMM 

P(St St-1 Ot) = P(St-1) P(St | St-1) P(Ot | St)
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Transition graph 

0

4

1

3

2

St=0 St=1 St=2 St=3 St=4

St-1=0 0.0 0.2 0.0 0.8 0.0

St-1=1 0.5 0.0 0.0 0.3 0.2

St-1=2 0.5 0.0 0.0 0.5 0.0

St-1=3 0.4 0.0 0.0 0.6 0.0

St-1=4 0.3 0.0 0.7 0.0 0.0

P(St | St-1)
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Observations 

O=0 O=1 O=2 O=3 O=4

St=0 0.3 0.3 0.2 0.1 0.1

St=1 0.2 0.2 0.2 0.3 0.1

St=2 0.6 0.1 0.0 0.3 0.0

St=3 0.2 0.2 0.3 0.0 0.3

St=4 0.8 0.1 0.1 0.0 0.0

P(Ot | St)
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Example 7: HMM and action 

1

1

2

2

21
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The Bayesian program specification 
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The ProBT® code 
    55  plDistribution DBP::filter(unsigned int t, int *o){  
    56 
    57    plCndDistribution CndQuestion; 
    58    plDistribution Question; 
    59    plDistribution Compiled_Question; 
    60     
    61    // Set P(State_p)  
    62    if (t != 1){ 
    63      P_Prior = filter(t-1, o);  // P(State_p) = filter(t-1)  
    64      P_Prior.rename(State_p); 
    65    } 
    66    else 
    67      P_Prior = P_Initial;       // P(State_p) = P_Initial 
    68 
    69    /* P(State_p State Action Obs) =  
    70                      P(State_p)  
    71                      P(Action) P(State | State_p Action) P(Obs|State) */ 
    72    plJointDistribution jd(State_p^State^Action^Obs, P_Prior*P_Transitive); 
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The ProBT® code (continues) 

    73 
    74    // Get P(State | Obs) 
    75    jd.ask(CndQuestion,State,Obs); 
    76 
    77    // Get P(State | Obs=o[t]) 
    78    CndQuestion.instantiate(Question,o[t-1]); 
    79    Question.compile(Compiled_Question); 
    80    return(Compiled_Question); 
    81 
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